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Abstract The determination of structural dynamic stress spectrum distribution is of great signiﬁ-
cance in the structural fatigue strength evaluation as well as reliability design. In previous empirical
data processing methods, the data grouping and distribution ﬁtting were excessively coarse and
contained distinctive defects. This paper proposed an eﬀective approach to statistically group actual
measured dynamic stress data and validly extrapolate the combined distribution to ﬁt the dynamic
stress spectrum distribution. This approach has been veriﬁed its eﬀectiveness through chi-square
test, stress spectrum extrapolation and damage calculation in dynamic stress study. c© 2013 The
Chinese Society of Theoretical and Applied Mechanics. [doi:10.1063/2.1302110]
Keywords data grouping, combined distribution, damage calculation, maximum value estimation,
stress spectrum extrapolation
Generally, the ﬁtting of the dynamic stress spec-
trum distribution starts with the assumption that the
distribution is submitted to a certain type, then this as-
sumption will be tested and veriﬁed by estimating the
distribution parameters.
Currently, the commonly used distributions for the-
oretical assumption are Weibull distribution, lognormal
distribution1–3 and truncated normal distribution.4 It is
found that Weibull distribution on dynamic stress dis-
tribution trend can be well described in the actual ﬁt-
ting, but as a result of the change of the distribution in
stress sensitivity, extended spectrum shows instability
of the maximum estimated stress. The maximum value
estimation of logarithmic normal distribution has good
stability due to the logarithmic characteristic, but its
reaction to the data distribution change is not obvious
sometimes. For truncated normal distribution, its value
of chi-square test is apparently bigger than Weibull dis-
tribution and lognormal distribution.
During the ﬁtting of dynamic stress spectrum dis-
tribution, the ﬁtting result is directly aﬀected by the
lowest bound and grouping intervals of stress amplitude
data to be grouped. However, former empirical group-
ing methods are excessively coarse which can not reﬂect
the data distribution accurately.
Taking the example of railway bogie frame on track
fatigue test, the stress amplitudes of diﬀerent key points
on same structure vary hugely. Meanwhile, the distri-
bution of actual measured dynamic stress frequency is
unbalanced, i.e. the stress amplitude frequencies of one
key point are highly concentrated in low stress ampli-
tude area while less dense in high stress amplitude area,
which makes the distribution polarized, hence, single
distribution function is not capable of decently ﬁtting
for the distribution both in high and low stress ampli-
tude areas simultaneously.
To solve the problems described above, this paper
a)Corresponding author. Email: xueguangjin2006@126.com.
studied the approach to determine the lowest bound
value and grouping intervals of the data and proposed
a new type of distribution which combines two distri-
bution functions to realize the eﬀective ﬁtting for stress
spectrum distribution. The ﬁtting eﬀectiveness was ver-
iﬁed through chi-square test, stress spectrum extrapo-
lation and the damage calculation.
The original dynamic strain signals were acquired
from the on track actual measurement and converted
into stress–time history data. Proceeded with the peak–
valley value selection, invalid amplitude disposal and
rain ﬂow counting method to deal with them, these data
were grouped to ﬁt the distribution.
In this paper, the parameters for distribution func-
tion are obtained by calculating the minimum chi-
square value of assumed distribution function.5 Thus
the data grouping methods actually include histogram
drawing and chi-square solving of which the histogram
drawing in former empirical method was excessively
coarse and only considered the sample size instead of
sample distribution features.6 To compensate for the
deﬁciency of the empirical method, Terrell and Scott7
clariﬁed that the minimum interval number should meet
k  3
√
2n = kmin. (1)
Normally, the data are grouped into equidistant in-
terval, however in this case, the actual measured stress
data are more concentrated in low amplitude area which
leads to the ﬂat trend in calculated histogram in that
area, while with less data information in high stress
amplitude area, the histogram is estimated to be more
coarse; therefore the simple equidistant interval group-
ing can not satisfy the dynamic stress data grouping
requirements for distribution ﬁtting.
On the other hand, the chi-square solution requires
the intervals to avoid containing blank data as less as
possible: For the intervals with data, the sample size
should be no less than 5; Intervals with less than 5 data
should be incorporated into the adjacent interval.
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In order to meet these requirements and consider
the fact that the sample size of dynamic stress ampli-
tude data is usually large but distributed unbalanced
in high and low stress amplitude areas, this paper pro-
posed the following grouping method in combination
with Terrell and Scott theory:
(1) Determining the data sample size n and calcu-
lating reasonable group numbers with Eq. (1).
(2) Grouping the data equidistantly according to
the calculated group numbers and the middle value of
stress amplitude in each interval. The mid-value is used
to represent the stress amplitude of each group. Then
calculating the sum frequency of each group.
(3) Merging intervals with data sample size less than
5. Firstly add up the frequencies of intervals with the
highest stress amplitude, accumulate the frequency to-
wards the intervals with lower stress amplitude gradu-
ally, stop merging until the accumulated frequency is 5
or more and set the merged frequency as one. Continue
this process till all the small size intervals are merged,
and adjust the interval boundary value in accordance
with the accumulated frequency, hence completing the
merging and grouping process.
This grouping method has taken all factors into con-
sideration to realize the reasonable data grouping.
Generally, Weibull distribution, logarithmic nor-
mal distribution and truncated normal distribution are
adopted for theoretical assumption. By altering the
value of shape parameter β in Weibull distribution, the
curve shape can be various which gives the Weibull dis-
tribution high adaptability for data distribution ﬁtting.
Lognormal distribution is adaptive to the unbalanced
distribution in which the data concentrated level diﬀers
from area to area. Two-parameter Weibull distribu-
tion is deﬁned in the domain of x > 0 which is also
the deﬁned domain for segmented lognormal distribu-
tion function in nonzero section. Therefore, these two
distributions can be combined linearly in the same de-
ﬁned domain without aﬀecting the properties against
one another.
This paper combines the two distributions with the
introduction of two parameters: ϕ (0 < ϕ < 1) and q,
where ϕ is used for adjusting and assigning the weight of
each distribution in the combined distribution. Suppos-
ing the weight of lognormal distribution is ϕ, then the
weight of Weibull distribution has to be set as (1− ϕ),
thus the probability density integral of the combined
distribution function in deﬁned domain is able to reach
1. Because the actual measured data has a threshold
value in lower bound while limited maximum value in
upper bound, they can only cover one certain region in
the distribution function deﬁned domain, therefore, pa-
rameter q is introduced to represent the integral of prob-
ability density function in the deﬁned domain where ac-
tual measured data can cover. In other words, q is the
proportion of actual measured data in this combined
distribution. Hence the probability density function in
the combined distribution can be established as
f(x)Z =
1
q
[ϕf(x)D + (1− ϕ)f(x)W] =
ϕ√
2πqδx
exp
[
− (lnx− μ)
2
2δ2
]
+
(1− ϕ) β
qη
(
x
η
)β−1
exp
[
−
(
x
η
)β]
,
x > 0, β > 0, η > 0. (2)
Integrated with Eq. (2), so the distribution function
can be obtained as
F (x)Z =
1
q
[ϕF (x)D + (1− ϕ)F (x)W] =
ϕ
q
Φ
(
lnx− μ
δ
)
+
1− ϕ
q
{
1 − exp
[
−
(
x
η
)β]}
,
x > 0, β > 0, η > 0, (3)
where f(x)D and F (x)D are the probability den-
sity function and distribution function of lognormal
distribution,8 while f(x)W and F (x)W are those of
Weibull distribution9 correspondingly.
Assuming that the actual measured stress spectrum
obeys to one particular distribution with parameters
unknown, those unknown parameters are introduced as
variables to calculate the minimum chi-square value un-
der this distribution function by means of optimaliz-
ing search, the corresponding distribution parameters
at the minimum chi-square value can be obtained at
the same time, i.e., this distribution has all the param-
eters as well as the known minimum chi-square value.
According to the chi-square test theory, this acquired
distribution function is the most favorable expression
of the data distribution under such assumption.
When the stress data is likely to obey any of those
distributions: Weibull, lognormal, truncated normal or
combined distribution, it is possible to ﬁnd out the most
representative distribution which has the smaller mini-
mum chi-square value to stand for the actual data distri-
bution via taking this method to calculate and compare
the minimum chi-square value of each distribution. The
most representative distribution is deﬁned as optimum
distribution. At the same time, undertaking the chi-
square test by comparing the minimum chi-square value
of each distribution to the critical chi-square value, the
conﬁdence level of the ﬁtting by optimum distribution
towards actual measured stress amplitude spectrum dis-
tribution can be obtained.
Based on the fact that all the actual measured stress
data are scattered, Eq. (4) is used to calculate the chi-
square statistic in the combined distribution
χ2 =
k∑
i=1
[vi − n(FZ(xi+1)− FZ(xi))]2
n(FZ(xi+1)− FZ(xi)) . (4)
Taking an example from one on track measurement
of railway bogie frame, 5 key points on fatigue purpose
members of the bogie frame are chosen to measure the
stress data. The locations of these 5 points are shown
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Table 1. Minimum chi-square value comparison for diﬀerent distributions.
Measure
point
Chi-square value of single distribution Chi-square value of combined distribution Critical value of
Lognormal Weibull Truncated normal Before grouping After grouping chi-square distribution
1 229.92 2 287.57 3 366.48 40.82 31.59 36.47
2 559.89 511.89 1 018.44 43.01 32.95 35.63
3 1 111.49 1 432.75 3 952.11 67.35 46.21 55.34
4 928.84 8 807.26 17 777.18 85.11 52.39 61.39
5 1 024.6 10 406.45 18 343.21 86.31 63.34 64.76
Note: The critical chi-square value can be searched in terms of statistic theory, here the chi-square distribution
is χ21−α (k − r − 1) with α = 0.05, r = 6 and k which is obtained from Eq. (1).
1/2
3/4
5
Fig. 1. Key points’ locations.
in Fig. 1 in which the 1/2 and 3/4 indicate the symmet-
ric positions on both sides of the bogie frame. All the
stress data are processed through invalid stress ampli-
tude disposal and are grouped via the method described
previously.
Assuming that the data obey one distribution of
those Weibull, lognormal, truncated normal and com-
bined distributions, the separately calculated minimum
chi-square values are listed in Table 1.
The paper compares the chi-square values of three
single distributions as well as those of combined distri-
bution before and after grouping, it is obvious that the
chi-square values of combined distribution are far less
than those of the other three distributions, which indi-
cates that the combined distribution has distinct advan-
tage in the ﬁtting. The chi-square values of truncated
normal distribution are the highest, which will lead to
bad ﬁtting. Therefore the truncated normal distribu-
tion is no longer used for further comparison or veriﬁ-
cation. All 5 selected key points have their sharply de-
creased chi-square values after grouping, which proves
the validity and rationality of the grouping method pro-
posed in this paper. Then the paper compares the
critical chi-square values to the chi-square values after
grouping in the combined distribution, it can be seen
that by using this grouping method and combined dis-
tribution to ﬁt the actual measured data distribution,
it can pass the chi-square test at the signiﬁcance level
of α = 0.05, i.e., the conﬁdence level of the acquired
distribution is 95%.
The parameters corresponding to the minimum chi-
square value are the required parameter values in ac-
Table 2. Parameter estimation for combined distribution.
Measure point μ σ2 β η ϕ q
1 2.13 0.47 1.59 6.19 0.23 0.58
2 2.35 0.42 1.30 4.78 0.18 0.45
3 2.24 0.48 1.21 4.85 0.09 0.41
4 2.11 0.49 1.47 5.89 0.20 0.54
5 2.14 0.48 1.48 5.83 0.20 0.53
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Fig. 2. Designs ketch for 5th key point.
tual distribution. The paper uses professional comput-
ing software to search for optimal chi-square value and
obtains the parameters of each distribution function as
shown in Table 2.
It can be seen from the calculated results that all
these obtained parameters are within one relatively sta-
ble region, which indicates that under current dynamic
stress level, it is stable and reliable to estimate the dis-
tribution parameters in terms of ﬁtting the dynamic
stress spectrum with combined distribution. The paper
randomly selects measure point No.5 as an example to
verify the ﬁtting eﬀect. Figure 2 shows the comparison
between probability density curve of combined distri-
bution with calculated parameters and actual measured
data scatter points.
Figure 2 is the probability density curve of com-
bined distribution. It displays that the curve trend is
completely identical with the scattered actual measure
data points, which indicates that the combined distribu-
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Table 3. Stress spectrum extrapolation of each distribution.
Actual measured
spectrum
Weibull distribution
extrapolation
Lognormal distribution
extrapolation
Combined distribution
extrapolation
Level No. p0 p1
p0 − p1
p1
/% p2
p0 − p2
p2
/% p3
p0 − p3
p3
/%
1 657 996 654 732.5 0.5 661 000.5 –0.45 660 235.8 –0.34
2 908 22 93 042.9 –2.39 86 766.6 4.67 91 699.7 –0.96
3 8 981 10 250.7 –12.39 9 969.8 –9.92 9 039.8 –0.65
4 1 093 1 020.0 7.16 1 447.3 –24.48 1 119.6 –2.38
5 204 94.9 115.06 260.2 –21.59 199.0 2.49
6 42 8.4 401.12 55.6 –24.46 43.8 –4.14
7 9 0.7 1 166.66 13.7 –34.14 10.9 –17.69
8 2 0.1 3 337.95 3.8 –46.90 3.0 –33.50
Table 4. Maximum value estimation at exceeding probabil-
ity.
Distribution Actual
measured
Weibull Lognormal Combined
Value/MPa 77.72 64.61 84.65 82.29
tion is capable of precisely describing the stress distribu-
tion of the key structural points in real operation. This
combined distribution can be used in fatigue life calcu-
lation to express the stress distribution trend in actual
measurement and as well to guarantee the prediction of
dynamic stress extreme values and the extrapolation of
dynamic stress spectrum.
In order to verify the ﬁtting eﬀect of combined dis-
tribution, measure point No.5 is selected as an example
to extrapolate the dynamic stress spectrum. Given that
the maximum and minimum actual measured stress
value are 77.72 MPa and 5 MPa, respectively while the
sum frequency is h = 759 150 times, the paper assumes
that the data obey to one of the following distributions:
Weibull, lognormal or combined distribution. The fre-
quency of each stress level can be inferred as follows
pi = (F (bi)− F (ai))h, i ∈ [1, 8], (5)
where F (bi) and F (ai) are the corresponding distribu-
tion function values of the upper and bottom limits in
each interval. To shorten the solution procedure and
simplify the calculation but maintain the obviousness
of the comparison, the 8 level stress spectrum is used in
the extrapolation. Results are listed in Table 3.
These results show that the extrapolated stress
spectrum from combined distribution has the least dif-
ference to actual measured spectrum, i.e., it is most
representative to reﬂect the actual stress spectrum dis-
tribution in real operation. Therefore, the combined
distribution is most eﬀective to describe the actual mea-
sured dynamic stress spectrum distribution.
According to Conver’s proposal, the maximum
load/stress is the one with the probability of 10−6 when
undertaking the fatigue life estimation and stress spec-
trum compiling.10 The possible maximum stress value
corresponding to each distribution can be obtained in
terms of the exceeding probability 10−6. Results are
listed in Table 4.
The paper compares the estimated and actual mea-
sured maximum stress amplitude values, it can be seen
that Weibull distribution has lower estimated value of
the maximum stress amplitude, which indicates that
this estimation is insuﬃcient in stability. On the other
side, both estimated maximum values from lognormal
and combined distribution are higher than actual mea-
sured one while the data amount for analysis in this
case is less than 106, so these estimations comply with
the fact.
The probability of maximum load is 10−6, i.e. the
maximum load will appear once in 106 cycles. Since
the eﬀective stress cycles of the measured data in this
case is less than 106, it needs to be extended to 106
so that the obtained stress spectrum can include the
maximum value. During the stress spectrum extrapola-
tion, the maximum stress value is estimated according
to the distribution and the minimum value is the data
processing threshold value: 5 MPa. The sum frequency
of actual measured stress spectrum is also needed to
be extended to 106 so that it is comparable to the ex-
trapolated and extended stress spectrum; which can be
realized by multiplying one factor to the frequency of
each levels. The compared results are listed in Table 5.
With the extended dynamic stress amplitude spec-
trum, the damage of each stress level can be calculated
in accordance with the S–N curve of weld joints of
structural material as well as the Miner accumulative
damage law. The damage of each stress level is calcu-
lated as follows11
Di =
ni
Ni
=
niσ
m
−1i
C1
, (6)
where ni is the cycle number of stress amplitude in each
level, C1 andm are the S–N curve parameters. In order
to achieve distinctive comparison, the damage of each
stress level in the extended stress spectrum of diﬀerent
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Table 5. Extended stress spectrum of each distribution.
Level No.
Actual measured
stress spectrum
extension
Stress spectrum
extension in Weibull
distribution
Stress spectrum
extension in
lognormal
distribution
Stress spectrum
extension in
combined
distribution
Stress
ampli-
tude/MPa
Frequency
Stress
ampli-
tude/MPa
Frequency
Stress
ampli-
tude/MPa
Frequency
Stress
ampli-
tude/MPa
Frequency
1 9.55 866 755 8.73 797 992 9.98 895 526 9.83 891 489
2 18.64 119 637 16.18 168 195 19.93 94 347 19.49 106 256
3 27.73 11 830 23.63 28 581 29.89 9 186 29.15 9 131
4 36.82 1 440 31.08 4 466 39.85 1 182 38.81 1 064
5 45.91 269 38.53 658 49.80 194 48.48 181
6 55.00 55 45.98 93 59.76 38 58.14 38
7 64.09 12 53.43 13 69.72 9 67.80 9
8 73.18 3 60.88 2 79.67 2 77.46 2
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Fig. 3. Comparison of damage from each stress level in
every expanded distribution spectrum.
distribution is calculated in terms of Eq. (6), and the
damage distribution graph is drawn as Fig. 3.
In Fig. 3, the damage in Weibull extended spec-
trum is lower than the actual damage at all stress levels.
Considering the results of maximum value estimation in
Weibull distribution, it is evident that the results can
be very conservative when using the Weibull distribu-
tion to extend the stress spectrum as well as to estimate
the fatigue life, which will lead to the potential higher
danger in structural performances.
However, the damages in both lognormal and
combined distributions extended spectrum are slightly
larger than those in actual stress spectrum. The ﬂat
trend in lognormal extended spectrum indicates that
ﬁtting eﬀect of lognormal distribution is stable but less
sensitive to the variation, i.e., the curve is smooth but it
is slightly higher where it is supposed to be lower or vise
versa. Compared to actual measured distribution curve
in Fig. 3, the curve of lognormal distribution is lower
in level 1 whereas higher in level 2 and level 3. Mean-
while, the curve of combined distribution is consistent
with that of the actual distribution with the damage
slightly higher than the actual measured one in all lev-
els, this complies with the fact and also proves that
the combined distribution has its distinct advantage in
stress distribution ﬁtting, stress spectrum extrapolation
as well as fatigue life prediction.
The paper analyzes the trend of each curve, it is ob-
vious that the low amplitude stress has more inﬂuence
on the overall damage due to its more concentrated fre-
quency while the high amplitude stress is the opposite
situation. It can be concluded that the determination of
maximum stress amplitude value is signiﬁcantly aﬀect-
ing the determination of the frequency of other stress
amplitudes. In other words, the high stress amplitudes
cause smaller damage in practical situation but it has
bigger inﬂuence on the overall distribution during stress
spectrum extrapolation, which titles the high stress am-
plitudes crucial importance in overall damage estima-
tion.
(1) Group the stress amplitude data by means of
Terrell and Scott method and merg the scattered data
intervals according to the chi-square test requirements
which is an eﬀective approach to ﬁt and optimize the
unbalance distributed dynamic stress spectrum.
(2) The combined distribution which is made of
Weibull distribution and lognormal distribution can re-
alize valid ﬁtting for structural stress distribution of
railway vehicles and pass the chi-square test at the sig-
niﬁcance level of α = 0.05 at the same time. Its ﬁtting
eﬀect outweighs the Weibull distribution, lognormal dis-
tribution or truncated normal distribution solely.
(3) Using the combined distribution to ﬁt and esti-
mate dynamic stress distributions and the distribution
parameters for rail vehicles can achieve stable and re-
liable results to represent the dynamic stress spectrum
of every key point in real operation.
(4) In stress spectrum extrapolation and fatigue life
estimation, the result from Weibull distribution is rel-
atively conservative and not capable of making suﬃ-
cient use of material performances while the result from
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lognormal distributions is inclined to ﬂatness. How-
ever, the result from combined distribution agrees with
the actual measured spectrum, which indicates that the
combined distribution has strong ﬁtting capacity to rep-
resent the actual measured results.
(5) In stress spectrum extension, the low amplitude
stress has big inﬂuence on the overall damage owing to
its large quantity of frequency, while the high amplitude
stress is of vital importance to estimate the overall dam-
age since it aﬀects the whole stress distribution trend
during stress spectrum extrapolation.
This work was supported by the National Natural Sci-
ence Foundation of China (u1134201).
1. A. Y. Chen, and Z. T. Gao, Beijing Aviation University Jour-
nal 2, 75 (1986).
2. M. Gu, and J. Y. Chen, Mechanical Strength 9, 62 (1987).
3. J. Ling, and Z. T. Gao, Chinese Urinal of Mechanicai Engi-
neering 4, 31 (1992).
4. Q. Li, Z. M. Liu, and G. Q. Zhang, et al., Journal of the China
Railway Society 23, 105 (2001).
5. C. F. Wu, C. L. Liu, and Q. Li, Rail Way Locomotive & Car
26, 19 (2006).
6. J. F. Zhang, and X. X. Wang, Chinese Journal of Applied
Probability and Statistics 25, 201 (2009).
7. D. W. Scott, The Annals of Statistics 13, 1024 (1985).
8. X. Jin, Y. J. Hong, and H. R. Shen, Reliability Data Cal-
culation and Application (National Defence Industry Press,
Beijing, 2003).
9. X. Jin, and Y. J. Hong, Numerical Analysis Methods of Re-
liability for Engineering Systems (National Defence Industry
Press, Beijing, 2002).
10. D. X. Yi, G. Z. Lv, and X. W. Zhou, Chinese Journal of
Applied Mechanics 23, 484 (2006).
11. C. Y. Chen, Fatigue and Fracture (Huazhong University of
Science and Technology Press, Wuhan, 2002).
